We present Euclidean wormhole solutions describing possible bridges within the multiverse. The study is carried out in the framework of third quantisation. The matter content is modelled through a scalar field which supports the existence of a whole collection of universes. The instanton solutions describe Euclidean solutions that connect baby universes with asymptotically de Sitter universes. We compute the tunnelling probability of these processes. Considering the current bounds on the energy scale of inflation and assuming that all the baby universes are nucleated with the same probability, we draw some conclusions about which universes are more likely to tunnel and therefore undergo a standard inflationary era.
Introduction
Humankind has, ever since history can tell, been looking for possible answers and hints to the questions: Where do we come from? Where are we heading to? Cosmology is the path to address these questions on scientific grounds. As regards the first question, general relativity predicts the existence of a past big bang, at least for standard matter and for a homogeneous and isotropic universe, a singularity which is hoped to be wiped out through a primordial quantum era [1] . At the semi-classical level, this may imply the existence of Euclidean solutions or instantons that geometrically describe Euclidean wormholes or bridges in spacetime, in its widest sense, where the big bang singularity is circumvented or at least shadowed by the presence of Euclidean wormholes [2a e-mail: mariam.bouhmadi@ehu.eus b e-mail: manuel.kraemer@usz.edu.pl c e-mail: jviegas001@ikasle.ehu.eus d e-mail: salvarp@imaff.cfmac.csic.es 7] connecting baby universes to some Lorentzian singularityfree universes.
While Euclidean wormholes can be seen as a natural geometrical and gravitational extension of the Coleman-De Luccia instanton [8] , where the latter assumes the existence of two vacua and a decaying process connecting them, the former do not necessarily assume the existence of such vacua. In both cases, however, an extremisation of the Euclidean action is reached. In addition, Euclidean wormholes are not exclusive to general relativity and can be found, for example, in string theory (see, for example, [9, 10] ). Moreover, even though in general one uses the term "Euclidean wormhole" to describe a curved Euclidean space with -at least -two large asymptotic regions connected by a throat, this idea has been extended as well for spacetimes with a cosmological constant that can be positive [6, 11] or negative [5, 12, 13] . We would like to highlight that, strictly speaking, a Euclidean wormhole -in the simplest geometrical setup -is constructed from two glued instantons [14, 15] . However, given that in both cases Euclidean wormholes and instantons are Euclidean bridges connecting different Lorentzian spacetimes, we will use the words "instanton" and "wormhole" indistinguishably.
It is therefore natural to assume the existence of wormholes as connecting paths not only within remote regions of the universe but also within the multiverse as a whole [16] . In this regard, we would like to stress that the paradigm of inflation, supported observationally since COBE's first measurements [17] of the Cosmic Microwave Background anisotropies and the subsequent experiments WMAP [18] and Planck [19] , predicts and supports the existence of the multiverse. In fact, the multiverse concept can be reached and understood from several approaches, from the seminal idea of Everett of a multiverse formed by the branches of quantum mechanics [20] , to the landscape of the string theories [21] , the inflationary multiverse [22, 23] , or the ekpyrotic scenario [24, 25] , among many others [26] [27] [28] [29] [30] [31] [32] [33] [34] . In any case, one assumes the existence of an undetermined number of realisations of the universe, each one causally separated from the others by the presence of quantum barriers, event horizons or extra dimensions. Yet, their quantum states may still be related by the existence of non-local correlations in the global quantum state of the spacetime and the matter fields.
In this paper, we show the existence of wormhole solutions in the framework of third quantisation, one of the current proposals to describe the multiverse. It basically consists of considering the solution of the Wheeler-DeWitt equation as a field that propagates in the minisuperspace of spacetime metrics and matter fields, and thus quantising the wave function of the spacetime and matter fields by following a formal parallelism with the customary procedure of a quantum field theory (see Refs. [35] [36] [37] [38] ). Then the creation and annihilation operators of the third-quantisation formalism describe the creation (or the annihilation) of a particular spacetimematter configuration. In particular, the solutions that we have found correspond to Euclidean tunnels that connect baby universes with asymptotically de Sitter universes. In this regard, we have focussed exclusively on the tunnelling between two Lorentzian universes supported by the same scalar field with the same initial kinetic energy. A more complete analysis would consider the "communication" or tunnelling between universes with different initial kinetic energies for the scalar field. A further possibility to describe the "communication" between different universes of the multiverse is by considering entangled universes [39, 40] .
The paper can be outlined as follows. In Sect. 2, we summarise the model we will be analysing and review briefly the third-quantisation approach. Then we find for the first time exact solutions describing an instanton within this framework in the presence of a minimally coupled massive scalar field. In this framework and within a semi-classical approach, the multiverse can be seen as a collection of semi-classical universes with a label that indicates the initial kinetic energy of the scalar field that supports them. In Sect. 3, for a given universe within the multiverse; i.e. a given label, we obtain the transition probability describing the tunnelling from a baby universe to an asymptotically de Sitter universe. Our calculations assume the tunnelling boundary conditions of Vilenkin [41, 42] . Finally, in Sect. 4, we present our conclusions. For clarity, we include as well an appendix where we obtain analytically the transition amplitude analysed in Sect. 3.
Model
We consider a closed FLRW universe with scale factor a containing a minimally coupled scalar field ϕ with mass m and quadratic potential V(ϕ) = 1 2 m 2 ϕ 2 . The Wheeler-DeWitt (WDW) equation for the wave function φ(a, ϕ) of such a configuration of the spacetime and matter field 1 reads [44] 
(2.1)
Here, we have used a specific choice of factor ordering.
Choosing an alternative ordering would introduce an additional term with a first derivative of φ with respect to a, but such a term would not influence our calculations. We can simplify this equation and absorb several constants by rescaling the scalar field as
such that ϕ becomes dimensionless. If we furthermore define the quantity
which contains the definitions
we end up with the following simpler form of the WDW equation (2.1):
In order to model the multiverse, we use the third-quantisation formalism, which essentially consists of promoting the wave function of the spacetime and matter fields, φ(a, ϕ), to an operator,φ(a, ϕ), given in the case considered bŷ
whereb K andĉ † K are the annihilation and creation operators, respectively, of universes whose evolution will be specified later on. The modes K are related to the momentum conjugated to the scalar field, p ϕ , and we interpret the decomposition (2.6) in the way that each amplitude φ K (a) of the wave function φ(a, ϕ) represents a single universe with a specific value of p ϕ . The wave functions of the universes satisfy then the following effective WDW equation:
where ω K is given by
Here, H dS is a constant that arises from specifying H ϕ to a specific value of ϕ. We can also see that in the effective WDW equation (2.7) describing the individual universes, the ϕ-derivative term, −h 2 a 2 ∂ 2 φ ∂ϕ 2 , appearing in (2.5) was converted intoh 2 K 2 a 2 . In addition, it can be shown that the evolution of the universes follows the effective Friedmann equation [45, 46] 
This behaviour with the additional term ∝ a −6 can be related to the model of an interacting multiverse described in [47] . However, we have not introduced here any explicit interaction between the universes and the last term in (2.9) appears solely from the consideration of the quantum character of the mode decomposition (2.6). It is thus a pure quantum correction term without classical analogue. 2 In order to illustrate the evolution of this universe, we write down the radicand in (2.8) in terms of its roots a + ≥ a − ≥ a 0 ,
and
(2.14) 2 A stiff matter content of the universe would introduce a similar term, proportional to a −6 , in the Friedmann equation. However, the term here is also proportional toh, which reveals its quantum nature without classical analogue (h → 0). The maximum value of K appearing in the last expression is defined as
where we have introduced the Planck mass M 2 P :=h/G and the ratio γ :=h 2 H 2 dS /M 2 P , which relates the scale of inflation to the Planck mass.
From (2.9) and (2.10), we obtain the picture of a universe that behaves as a recollapsing baby universe for a < a − , and as an asymptotically de Sitter universe for a > a + . In between, a − < a < a + , there is a Euclidean, classically forbidden, region. This is similar in spirit to the model discussed in [6] and can be illustrated by plotting the potential 16) which is depicted in Fig. 1 .
In order to obtain the evolution a(η) of the different phases of the universe in terms of the conformal time η, defined in terms of the cosmic time t via dη/dt = a −1 , we need to solve the following differential equation:
where we have chosen the expanding branch and which trans-
We redefine the variable to be integrated over and use the definitions
such that we obtain
20)
A solution for the previous equation in terms of elementary functions can be obtained for the special cases of α K = 0, which corresponds to the scenario of the creation of an expanding universe from nothing [41] , and of α K = π , which corresponds to the maximum value of K for which the tunnelling effect happens. In the remaining part of this section, we present the solutions of Eq. (2.20) in the Lorentzian regions 0 < x < x − and x + < x and in the Euclidean region x − < x < x + for the non-trivial cases α K ∈ (0, π).
Baby universe
The behaviour of the baby universe in the Lorentzian region 0 < x < x − can be obtained by employing the change of variable 3 (cf. Eq. 17.4.63 in Ref. [48] ):
(2.20) and after an integration from η to η − := η(x − ), we find that the conformal time fulfills
where F(ξ |m) is the elliptical integral of the first kind as defined in [48] and where we have introduced the notation
(2.23)
In order to obtain the evolution of the scale factor as a function of the conformal time we can use the relation of the elliptic integrals with the Jacobi elliptic functions cn(u|m) and sn(u|m) [48] to invert Eq. (2.22). After some algebra we obtain
(2.24) 3 We point out that this transformation is not valid for α K = 0, since in that case x 0 = x − = 0 and the argument inside the arccos on the right-hand side of Eq. (2.21) diverges. Physically this can be understood by the fact that for α K = 0 there is no baby universe -the expanding asymptotically de Sitter universe is created from nothing [41] .
2.2 Asymptotically de Sitter universe:
The evolution of the approximate de Sitter universe in the Lorentzian region x + < x < +∞ can analogously be derived by employing the change of variable (cf. Eq. 17.4.62 in Ref. [48] ):
with ξ + growing from ξ + (x = x + ) = 0 to ξ + (x → +∞) = π/2. Upon substitution in Eq. (2.20) and after integrating from η + = η(x + ) to η we find that the conformal time fulfills:
The solution (2.26) can be inverted to obtain the scale factor as a function of the conformal time
In order to obtain the solution for the Euclidean wormhole in the region x − < x < x + , we use the change of variable 4 (cf. Eq. 17.4.69 in Ref. [48] ):
x →ξ := arccos
The new variableξ decreases monotonically with x from ξ(x = x − ) = π/2 toξ(x = x + ) = 0. When replacing (2.28) in (2.20) and integrating in Euclidean timeη = iη fromη tõ η + =η(x = x + ) we find that the conformal Euclidean time fulfills
By inverting the solution (2.29), we obtain the expression for the scale factor as a function of the conformal time:
Please notice that our solution generalises the Giddings-Strominger instanton [4] , even though the two solutions have a completely different origin (for further applications of this instanton, see e.g. [49] ). In our solution, constructed in the framework of the third quantisation, the appearance of a term in the Friedmann equation that scales as a −6 is due to the quantisation scheme, while in the Giddings-Strominger instanton, which is supported by an axion whose field strength tensor is defined through a rank-three antisymmetric tensor H μνλ , a similar term appears in the Friedmann equation by the fact that H μνλ , which contributes quadratically to the action, is subjected to the constraint dH = 0 [4] .
In Fig. 2 we depict the combined evolution of the squared scale factor during the two Lorentzian regions and through the Euclidean wormhole. During the baby universe phase (depicted in red), the scale factor evolves from 0 to a − as the time displacement η := (η − η − )/|η (a=0) − η − | varies from −1 to 0. As the scale factor reaches the value a − , the universe can enter a Euclidean wormhole (depicted in blue), in which the scale factor grows from a − to the maximum value a + as the Euclidean time displacement η := (η − η + )/|η (a=a − ) −η + | goes from −1 to 0. Once the value a + is reached, the universe exits the Euclidean wormhole and enters a near de Sitter expansion (depicted in green). In this final phase the scale factor grows in an accelerated fashion as the time displacement η := (η − η + )/|η (a=+∞) − η + | varies from 0 to 1.
Tunnelling
We now want to calculate the probability that the universe can quantum-mechanically tunnel from the baby universe phase to the de Sitter phase assuming the tunnelling transition as proposed in [41, 42] :
Therefore, in order to calculate the tunnelling probability with respect to the value of K , we need to evaluate the following integral:
where x, x + , x − and x 0 are defined in (2.19) . The integral (3.2) becomes trivial for the special case of K = 0, the creation of an expanding universe from nothing, as computed in [41] . In this case we find I (K =0) = (1/3)x 3/2 + . For a general K ∈ (0, K max ), the integral I can be solved by means of the transformation
After some lengthy algebra, we find that we can express I as a linear combination of the complete elliptic integrals of the first, second and third kind [48] , K (m), E(m), (n|m), respectively:
The tunnelling probability P K (a − → a + ) plotted as a function of the ratios γ :=h 2 H 2 dS /M 2 P and K /K max . The coloured lines, which represent the tunnelling probability for a fixed value of K /K max (blue) or of γ (red) are compared in Fig. 4 . The tunnelling probability for the case of the creation of an expanding universe from nothing (K = 0) is indicated by a dashed blue line 
The linear coefficients C K , C E and C are defined as
For convenience of the reader, a detailed derivation of (3.4) is presented in Appendix A 1, while a cross-check of the result using the differentiation of I is presented in Appendix A 2. Finally, after inserting (3.4) into (3.1) and using the definitions (2.4) and (2.23) to eliminate σ and H dS in favour of the dimensionless parameters γ and H dS we can write the tunnelling probability as
(3.7)
Here, we note that the dimensionless parameters H dS ,k and κ, as well as the linear coefficients C K , C E and C , depend only on the ratio K /K max (through the angle α K ). Consequently, P K (a − → a + ) is a bivariable function of γ :=h 2 H 2 dS /M 2 P , the ratio between the inflationary scale and the Planck scale, and of K /K max , i.e. how close the scalar field momentum K of the baby universe is to the maximum quantum allowed value. In Fig. 3 we plot the tunnelling probability as a function of γ and K /K max , while in Fig. 4 we present the tunnelling probability as a function of γ for differ-ent ratios K /K max and as a function of K /K max for different values of γ . One can see that the tunnelling probability goes to 1 for K → K max , as expected, since the Euclidean region ceases to be present in that limit. For K ≈ 0 the tunnelling probability approaches the solution for the creation of an expanding universe from nothing [41] , which is marked by a blue dashed line. Due to the 1/γ factor in the argument of the exponential, the tunnelling probability decays rapidly for low values of γ . As such, if the scale of inflation is well below the Planck scale, then the tunnelling probability is extremely low except for K ≈ K max , as can be observed in Fig. 3 .
Conclusions
Within the framework of the third quantisation, one of the current proposals to describe the multiverse, we have shown the existence of Euclidean wormhole solutions which describe possible bridges within the multiverse.
More precisely, by considering a massive minimally coupled scalar field within the framework of the third quantisation, we can describe a whole bunch of universes fingerprinted by the initial kinetic energy of the scalar field that supports them. It turns out that for a given initial kinetic energy of the scalar field two classically disconnected solutions emerge: a baby universe and an asymptotically de Sitter universe. Although these two Lorentzian solutions are classically disconnected, it turns out that this is no longer the case from a semi-classical point of view. In fact, as we have shown, these two solutions are connected through a Euclidean wormhole (cf. Fig. 2 for a schematic representation). In addition, our solution generalises the Giddings-Strominger instanton [4] , even though the two solutions have a completely different origin. While our solution is constructed in the framework of the third quantisation with a massive minimally coupled scalar field, the Giddings-Strominger instanton is constructed in the framework of string theory and is supported by an axion whose field strength tensor is defined through a rank-three anti-symmetric tensor.
Assuming the transition amplitude between two Lorentzian universes proposed in [41, 42] , we have calculated the probability of tunnelling from the baby universe to the asymptotically de Sitter universe. Our results are graphically represented in Figs. 3 and 4 . We can conclude that the larger the initial kinetic energy of the scalar field is, the higher is the probability of the baby universe to cross the barrier depicted in Fig. 1; i.e. the higher is the probability that the universe crosses towards the inflationary era through the shortcut provided by the Euclidean wormhole.
Finally given that the highest value of the potential barrier (see Fig. 1 ) separating the two Lorentzian universes is related to the scale of inflation, i.e. H dS (cf. for example Eq. (2.8)), of the asymptotically de Sitter universe, we can estimate K max defined in Eq. (2.15) or equivalently the parameter γ given in the same equation. In fact, given that the energy scale of inflation is at most of the order 8.8 × 10 19 GeV [51] , we can conclude that γ must be smaller than 5.2029 × 10 −11 or equivalently K max must be quite large. Therefore, what we have proven is that if all the baby universes are nucleated with the same probability, those with larger K are most likely to tunnel through the wormhole and therefore undergo an inflationary era like our own patch of the universe. In a subsequent paper, we will constrain the current model with CMB data following our previous work [52, 53] .
where (ξ) =k 2 κ 2 sin 2 (ξ) 1 − sin 2 (ξ) 1 −k 2 sin 2 (ξ)
1 − κ 2 sin 2 (ξ) and
and the parametersk and κ are defined as
We can now expand the rational function in the argument of the integral in Eq. (A3) to write I as a sum of four different integrals
where
We note that the last three terms on the right-hand side of Eq. (A6) can be expressed in terms of complete elliptic integrals of the first, second and third kind: K (k 2 ), E(k 2 ) and (κ 2 |k 2 ) [48, 50] . This allows us to simplify Eq. (A6) as
Finally, we tackle the first term on the right-hand side of Eq. (A8). It can be proven that 
(A10)
By substituting (A8) into (A10), we finally obtain
2 Cross-check of the integral by differentiation In order to cross-check whether the solution to the tunnelling integral
found above is correct, we differentiate the integral with respect to K and use the commutativity of integration and differentiation: .
(A15)
We substitute x = a 2 as well as x i = a 2 i for i ∈ {+, −, 0} and obtain
We can now apply Eq. 
Note that according to p. 254 of [54] λ := arcsin ā − ū a −b = π 2 , p := ā −b a −c =k.
(A18)
Hence, the differentiated integral reads
Plotting this function and the K -derivative of (3.4) shows that the functions are identical, their difference is zero for 0 < K < K max . Hence, the cross-check confirms that (3.4) is the correct expression for the integral.
